Abstract-This letter proposes a set of closed-form conditions to ensure the strong duality of second-order cone program (SOCP) formulation for AC power flow in radial power networks. In addition, numerical evaluations on IEEE 33-bus test networks and a real-world distribution network are performed to demonstrate the validity of the proposed conditions.
I. INTRODUCTION
R ELAXING an AC optimal power flow (OPF) model into a convex program, e.g., second-order cone program (SOCP) or a semi-definite program (SDP) [1] - [4] , enables us to utilize well-developed convex optimization tools to derive results stronger than those of the vastly adopted linear programming (LP) based DC power flow formulation. The SOCP formulation is particularly attractive as its computation burden is less heavy. One great advantage of the LP formulation is its strong duality property, i.e., it (the primal problem) shares the same optimal value as its dual linear program, which provides a substantial support to more advanced studies, e.g., developing decomposition algorithms, deriving electricity market oriented decisions, and identifying the critical contingencies. Similarly, we note a few recent publications, e.g., [5] - [9] , that critically rely on the strong duality of SOCP formulation.
However, it should be pointed out that the strong duality of SOCP does not hold in general, i.e., a non-zero duality gap may exist. Actually, we observe that the duality gap of some standard radial network could be non-negligible. Hence, theoretically speaking, if the strong duality cannot be guaranteed, results obtained based on the dual of SOCP formulation can only be considered as heuristic ones. In this letter, we derive a set of closed form conditions on the network's physical parameters that guarantee the strong duality.
II. CONIC AC OPTIMAL POWER FLOW MODEL
Consider a distribution network with a radial topology, i.e., a spanning tree structure, as in Fig. 1 . Let the radial network represented by (N , E) where E denotes the set of branches and N = {0} ∪ {N + } denotes the set of nodes that is the union of the substation node 0 and the rest of nodes in N + = {1, . . . , n}. Given that the radial network has node 0 as its root, node i (i ∈ N + ) has its unique parent node (denoted by j), and we can denote the unique path from node i to node 0 by Γ i . Additionally, let k to denote one child node of node i. In the following, we present a branch flow model (BFM) based AC power flow formulation for this network. For this formulation, unless explicitly stated, the objective function f is convex with no special structure. Note that the basic form of this formulation has been proposed in [10] and many variants have been adopted for different applications, e.g., [4] , [5] , [7] .
Note that parameter z ij = r ij + ix ij is the impedance of branch (i, j) ∈ E with r ij and x ij denoting the line resistance and reactance. Variable ij denotes the squared magnitude of current on branch (i, j) ∈ E, which is bounded by a positive number ij as in (6) . Variable v i denotes the squared magnitude of voltage at node i ∈ N + , whose upper/lower bounds are denoted by v i /v i as in (7) . Variable S ij = P ij +iQ ij is power flow though branch (i, j) ∈ E, where P ij and Q ij denote the active and reactive power flows. Similarly, s i = p i + iq i is the power injection at node i ∈ N + , where p i and q i denote the active and reactive power injections, and are bounded by p i p i and q i q i as in (8) . The connection between nodal power injections and power flows is defined by branch flow equations (2)-(5). The power injection at the substation node, i.e., node 0, is s 0 = p 0 + iq 0 , and the associated square of the reference voltage level is fixed to constant v 0 . Remark 1. Due to the nonlinear equality constraint (5), OPF in (1)- (8) is non-convex. To convexify this formulation, (5) is relaxed to the following second-order conic inequality [4] :
As a result, we obtain a convex relaxation of OPF defined by (1)- (4), (6)- (8) and (9). We denote this relaxation by OPFCr. In particular, if the objective function f is affine or convex quadratic, OPF-Cr is an SOCP formulation (denoted by OPF-SOCP), which, under some sufficient conditions [4] , is exact and guarantees an optimal power flow solution to OPF.
III. SUFFICIENT CONDITION ENSURING STRONG DUALITY
Before theoretical derivations, we first make a few rather non-restrictive assumptions. 
A. OPF-Cr Reformulations with Restrictions
To develop the sufficient conditions on strong duality, we construct two auxiliary SOCPs by reformulating constraints in (2)- (4) and (6)- (9) . First, by introducing new variables τ ij ∈ R + and β ij ∈ R for all (i, j) ∈ E, we restrict our attention to a set of solutions of OPF-Cr (denoted byŜ,ˆ ,ŝ,v) that are represented as linear combinations of τ ij and β ij . Specifically,
Plugging (10)- (11) into equalities (2) and (3), variablesŝ i and s 0 can be rewritten aŝ
Similarly, equality (4) can be converted intô
Moreover, because the nodal voltagev i in (14) can be uniquely re-defined by summing right-hand-side (RHS) expressions over the connected path Γ i ,v i can be rewritten aŝ
In addition to (2)-(4), inequalities (6)- (9) should also be satisfied to ensure feasibility. Plugging (10)-(13) and (15) into conic constraint (9) and affine constraints (6)- (8), we have the first auxiliary SOCP (i.e., OPF-SOCP 1 ) as in (16)-(20).
Actually, by using the lower bound in (7) as well as assumption A2, we can derive a further restriction on inequality (16) as in the following:
With (21) being a conic inequality, our second auxiliary SOCP (i.e., OPF-SOCP 2 ) is defined by (17)- (20) and (21).
Remark 2. As mentioned, auxiliary problems OPF-SOCP 1 and OPF-SOCP 2 define restricted solution spaces of OPFCr. We also note that OPF-SOCP 2 is a restriction to OPF-SOCP 1 . Hence, the feasible sets of OPF-Cr, OPF-SOCP 1 and OPF-SOCP 2 (denoted by X OPF−Cr , X OPF−SOCP1 and X OPF−SOCP2 ) satisfy the following relationship:
B. Strong Duality of Reformulations and OPF-Cr
Following Slater's Condition, the strong duality holds for a general SOCP problem if either its primal problem or dual problem is bounded and strictly feasible, i.e., the problem is feasible and all the non-affine (conic) inequality constraints hold with strict inequalities [11] . Hence, the OPF-Cr and our auxiliary SOCPs, which are bounded because of assumption A1, have the strong duality as long as they are strictly feasible. Next, we consider the strict feasibility of OPF-SOCP 2 .
Lemma 1. OPF-SOCP 2 is strictly feasible and thus has the strong duality if any of the following conditions is satisfied:
C1. For every i ∈ N
+ , the bounds of its power injection satisfy either (i)
Proof. We make use of two new variables µ, λ ij ∈ R + to simplify constraints over τ ij and β ij . Specifically, we have
Due to inequality (17), we have µ ≥ 1. Then, plugging (23) and (24) into the strict version of inequality of (21) as well as affine inequalities (18)- (20), we have
Clearly, with a fixed λ ij and µ → +∞, the strict inequality in (25) can be easily achieved given that the left-hand-side of (25) approaches to 0+ while its RHS is strictly positive following assumptions A2-A3. Also, through assumption A2, we have
holds as its middle term approaches to 0.
Similarly, the feasibility of inequalities (27) and (28) can be ensured by properly setting the bounds of power injections, i.e., p i p i and q i q i . let δ p ij , δ q ij ∈ R be such that
Accordingly, inequalities (27)-(28) is equivalent to:
, the middle term of (31) or (32) will be zero so that it requires p i ≤ 0 ≤ p i (or q i ≤ 0 ≤ q i ) to ensure its feasibility; if δ p ij < 0 (or δ q ij < 0) and let µ → +∞, the middle term of (31) or (32) will approach to 0−, which requires (32) are feasible as long as p i < 0 < p i and q i < 0 < q i .
We also notice that for any λ ki , either δ p ij or δ q ij can be specified by picking up a proper λ ij , and then it dominates the value of the other. So we can always find a λ ij to satisfy either (a) δ
for every (i, j) ∈ E, which corresponds to (i)-(iv) in condition C1 that ensures the strict feasibility and thus the strong duality of OPF-SOCP 2 .
Moreover, some alternative conditions of C1 can be derived under special network parameters. For instance, if r ij x ij ≥ r ki x ki for all (i, j), (k, i) ∈ E, then we have
Hence, there always exists a λ ij for every (i, j) ∈ E such that δ
Similarly, when r ij x ij ≤ r ki x ki , there exits a λ ij for every (i, j) ∈ E such that δ q ij ≤ δ p ij = 0, which requires p i ≤ 0 ≤ p i , q i < 0 ≤ q i as in C3 to ensure the strong duality. ∎ Based on Lemma 1, and the relationship among OPF-SOCP 2 , OPF-SOCP 1 and OPF-Cr (including the special case OPF-SOCP) stated in Remark 2, we have: Theorem 1. OPF-SOCP 1 and OPF-Cr are strictly feasible and thus have the strong duality when either of the conditions C1-C4 is satisfied.
IV. NUMERICAL VERIFICATION
The proposed conditions are verified on IEEE 33-bus test networks and Southern California Edison (SCE) 56-bus network (a real-world distribution system). For illustration, some modifications are made on these networks to satisfy C1-C3 (e.g., by adding DGs or adjusting the network parameters). The primal/dual OPF-SOCPs of the original and modified networks are computed by MOSEK to attain the duality gaps. Table I shows the results of 1200 random instances of DG outputs. The average gap, the maximum gap, the number and ratio of instances with a gap less than 1e − 4 (which is a reasonable numerical standard to claim that the instance has the strong duality) are recorded in columns "Avg-G", "G + ", "n SD", and "r SD", respectively.
Note in Table I that: 1) Non-negligible duality gaps exist in many instances, e.g., 98.5% of the instances in SCE 56-bus network with a maximum duality gap of 5.29%. Such a large gap clearly cannot be attributed to numerical error, and therefore fails the strong duality test.
2) The strong duality of OPF-SOCP holds when some of conditions C1-C3 is satisfied. Our results support this claim as gaps of all 7,200 modified instances are numerically negligible.
Overall, we believe that the proposed closed-form conditions are significant that will support more advanced studies of SOCP formulation in radial networks. 
